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The main goal of the present paper is to obtain limiting variants of the classical reiteration formula ([1.1](#Equ1){ref-type=""}) by characterizing the following limiting reiteration spaces: $$\documentclass[12pt]{minimal}
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The key ingredients of our proofs will be the two-sided Hardy-type inequalities involving power-type weights. These inequalities are derived in Section [2](#Sec2){ref-type="sec"}. The main results are contained in Section [3](#Sec3){ref-type="sec"}, whereas an application to the Fourier transform is given in Section [4](#Sec4){ref-type="sec"}.
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Weighted Hardy-type inequalities {#Sec2}
================================

To prove our main results, we shall need suitable two-sided Hardy-type inequalities involving power-type weights. We derive them from the following general weighted Hardy-type inequalities.

Theorem 2.1 {#FPar1}
-----------

(\[[@CR6]\], Lemma 3.2)
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The next assertion deals with the general weighted Hardy-type inequality restricted to non-increasing functions.

Theorem 2.2 {#FPar2}
-----------
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Remark 2.3 {#FPar3}
----------

The previous assertion is proved in \[[@CR6]\] for $\documentclass[12pt]{minimal}
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Next, using the previous two theorems, we obtain the needed two-sided Hardy-type inequalities.

Corollary 2.4 {#FPar4}
-------------
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Proof {#FPar5}
-----

The estimate "≳" is a simple consequence of the fact that *h* is non-increasing. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Corollary 2.5 {#FPar6}
-------------
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Proof {#FPar7}
-----

The proof follows by applying Corollary [2.4](#FPar4){ref-type="sec"} to the non-increasing function $\documentclass[12pt]{minimal}
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Limiting reiteration theorems {#Sec3}
=============================

In this section, we establish our main results. First we need to introduce *K*-interpolation spaces of type $\documentclass[12pt]{minimal}
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Recall that the quasi-norm on the intersection $\documentclass[12pt]{minimal}
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The next assertion gives a limiting variant of the reiteration formula ([1.1](#Equ1){ref-type=""}) corresponding to the limiting value $\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar8}
-----------
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Proof {#FPar9}
-----
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Next we establish a limiting version of the reiteration formula ([1.1](#Equ1){ref-type=""}) corresponding to the limiting value $\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar10}
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Proof {#FPar11}
-----

In view of the following elementary identity: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\Vert f \Vert _{(\bar{A}_{\theta_{0},q_{0}}, \bar{A}_{\theta_{1},q_{1}})_{\{1\} ,q}}\\ &\quad\approx \biggl( \int_{0}^{1} \biggl( \int_{0}^{t}u^{(\theta _{1}-1)q_{1}}K^{q_{0}}(u,f;A_{1},A_{0}) \frac{du}{u} \biggr)^{q/{q_{1}}} \frac {dt}{t} \biggr)^{{1}/{q}} \\ &\qquad{}+ \biggl( \int_{0}^{\infty}t^{(\theta _{1}-1)q_{1}}K^{q_{1}}(t,f;A_{1},A_{0}) \frac{dt}{t} \biggr)^{{1}/{q_{1}}} \\ &\quad= \biggl( \int_{0}^{1} \biggl( \int_{0}^{t}u^{\theta _{1}q_{1}}K^{q_{1}} \bigl(u^{-1},f\bigr) \frac{du}{u} \biggr)^{q/{q_{1}}} \frac {dt}{t} \biggr)^{{1}/{q}} \\ &\qquad{}+ \biggl( \int_{0}^{\infty}t^{\theta_{1}q_{1}}K^{q_{0}} \bigl(t^{-1},f\bigr)\frac {dt}{t} \biggr)^{{1}/{q_{1}}} \\ &\quad= \biggl( \int_{1}^{\infty} \biggl( \int_{t}^{\infty}u^{-\theta _{1}q_{1}}K^{q_{1}}(u,f) \frac{du}{u} \biggr)^{q/{q_{1}}} \frac{dt}{t} \biggr)^{{1}/{q}} \\ &\qquad{}+ \biggl( \int_{0}^{\infty}t^{-\theta_{1}q_{1}}K^{q_{1}}(t,f) \frac {dt}{t} \biggr)^{{1}/{q_{1}}} \\ &\quad = \Vert f \Vert _{\bar{A}^{\mathcal{R}}_{w,q_{1};v,q}}+ \Vert f \Vert _{\bar{A}_{\theta_{1},q_{1}}}, \end{aligned}$$ \end{document}$$ which completes the proof. □

The next two results provide limiting variants of the reiteration formula ([1.2](#Equ2){ref-type=""}) corresponding to the limiting values $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta=0,1$\end{document}$.

Theorem 3.3 {#FPar12}
-----------
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Proof {#FPar13}
-----
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                \begin{document}$\bar{A}=(\bar{A}_{\theta_{0},q_{0}}, A_{1})_{\{0\},q}$\end{document}$, and take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Theorem 3.4 {#FPar14}
-----------
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Proof {#FPar15}
-----
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                \begin{document}$$I_{1}=\sup_{0< t \leq1} t^{\theta_{0}-1} \biggl( \int_{0}^{t}u^{-\theta _{0}q_{0}}K^{q_{0}}(s,f) \frac{du}{u} \biggr)^{{1}/{q_{0}}} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$$I_{2}= \biggl( \int_{1}^{\infty}t^{(\theta_{0}-1)q} \biggl( \int _{0}^{t}u^{-\theta_{0}q_{0}}K^{q_{0}}(u,f) \frac{du}{u} \biggr)^{{q}/{q_{0}}} \frac{dt}{t} \biggr)^{{1}/{q}}. $$\end{document}$$ Applying Corollary [2.4](#FPar4){ref-type="sec"}, with $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t \mapsto t^{-1}K(t,f)$\end{document}$ is non-increasing, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Using the same symmetry argument as in the proof of Theorem [3.2](#FPar10){ref-type="sec"}, we can derive the following limiting variants of the reiteration formula ([1.3](#Equ3){ref-type=""}) from the previous two theorems.

Theorem 3.5 {#FPar16}
-----------
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Theorem 3.6 {#FPar17}
-----------
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Remark 3.7 {#FPar18}
----------
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An application {#Sec4}
==============
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                \begin{document}$$\mathcal{F}[f](\xi)= \int_{\mathbb{R}^{n}}f(x)e^{-i\xi\cdot x}\,dx,\quad \xi\in\mathbb{R}^{n}. $$\end{document}$$ The next result provides an application of Theorem [3.4](#FPar14){ref-type="sec"} to the mapping properties of the Fourier transform. For related results, the reader is referred to the papers \[[@CR17], [@CR18]\], and \[[@CR5]\] and a recent PhD dissertation \[[@CR19]\]. As usual, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Theorem 4.1 {#FPar19}
-----------
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Proof {#FPar20}
-----
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